In this paper, following the idea of Glavan and Lin [Phys. Rev. Lett. 124, 081301 (2020)] of rescaling the Gauss-Bonnet (GB) coupling constant to α/(D − 4), we obtain the Bardeen black hole solution of 4D Einstein-Gauss-Bonnet gravity. We analyze the horizon structure to determine the effect of GB parameter α on the minimum and maximum cutoff values of mass, M 0 , and magnetic monopole charge, g 0 , for the existence of a black hole horizon. The analytical expressions for thermodynamical quantities, namely Hawking temperature T + , entropy S + , Gibbs free energy F + and specific heat C + associated with the black hole horizon are determined. In the analysis of heat capacity, we find that there exists a critical value of horizon radius, r c + , corresponding to the local maximum of Hawking temperature, at which heat capacity diverges, confirming the second-order phase transition. * Electronic address:
I. INTRODUCTION
Lovelock theorem [1] encapsulates that in four dimension spacetimes, the Lagrangian density that leads to the second-order equation of the motion and respects the metricity and diffeomorphism invariances is just the Ricci scalar with a cosmological constant term.
Higher-order terms in the curvature invariants may lead to dynamic equations having more than second-order derivatives of the metric, which generically at the quantum level would lead to ghosts and instabilities. However, for D dimensional spacetime with D > 4, the Lagrangian density having a specific polynomial of higher-curvature terms can lead to the second-order equation of motion; Einstein-Gauss-Bonnet (EGB) gravity [2] and the Lovelock gravity [3] are such particular examples of a natural extension of the Einstein's general relativity in D > 4. These theories are free from pathologies that affect other higherderivative gravity theories and have the same number of degrees of freedom as in Einstein's general relativity. The EGB gravity theory contains quadratic corrections in curvature tensor invariants which also appears as the leading correction to the effective low-energy action of the heterotic string theory [4] [5] [6] . Over the past decade, EGB gravity had a wide interest in theoretical physics and appear to be quite compatible with the available astrophysical data [7] . Boulware and Deser [8] obtained the first black hole solution in the 5D EGB gravity, and since then steady attentions have been devoted to black hole solutions, including their formation, stability, and thermodynamics [9] . This is well-known that the Gauss-Bonnet correction L GB to the Einstein-Hilbert action is a topological invariant in D < 5, e.g. for a maximally symmetric spacetime with the curvature measure K, the variation of the Gauss-Bonnet Lagrangian L GB reads
where
and R, R µν and R µ νγδ are, respectively, the Ricci scalar, Ricci tensor and Reimann tensor, and g is the determinant of the metric tensor g µν . Further, the contribution of L GB to all the components of Einstein's equation are also proportional to (D − 4), therefore it does not have any contribution on the gravitational dynamics in D = 4; where K is the spacetime curvature measure. However, this can be compensate by re-scaling the coupling constant by α → α/(D − 4), and the four-dimensional theory is defined as the limit D → 4 at the level of equations of motion [10] . Thereby the Gauss-Bonnet action bypasses all conditions of Lovelock's theorem [1] and makes a non-trivial contribution to the gravitational dynamics even in 4D. Though the static spherically symmetric black hole solution of 4D EGB gravity is same as found earlier in the semi-classical gravity with the conformal anomaly [11] , in gravity theory with quantum corrections [12] , and recently in the third order regularized Lovelock gravity [13] , the EGB gravity can be considered as a classical modified gravity theory on equal footing with general relativity. Since its inception, several works devoted to novel 4D EGB gravity have been reported, namely the stability, quasinormal modes and shadows of spherically symmetric black hole [14, 15] , charged black holes in AdS space [16] , rotating black holes and their shadows [17, 18] , Vaidya-like radiating black holes [19] , relativistic stars solutions [20] . The motion of a classical spinning test particle [21] and thermodynamical phase transitions in AdS space [22] have also been investigated. The generalizations to the higher-order regularized Einstein-Lovelock theory are presented in Refs. [13, 23] . The static spherically symmetric black hole solution in the novel 4D EGB gravity reads as [10] .
with
such that at the short distances, r → 0, the gravitational force is repulsive and thus an infalling particle never reaches r = 0, however, the curvature invariant diverges at r = 0 [10] .
The first ever regular black hole solution in general relativity was presented by Bardeen [24] that is asymptotically flat, and near the origin behaves as de-Sitter, such that all curvature invariants take finite values at r = 0. Later, Ayon-Beato and Garcia [25] invoked non-linear field (NED) to show that the Bardeen black hole is an exact solution of general relativity minimally coupled to NED. Since then, significant interest developed in finding regular black hole solutions [26] [27] [28] and an enormous advance in the analysis and uncovering properties of regular black holes have been reported [29] . Discussions of Bardeen's solution on issues of quasinormal modes, stability [30] and the thermodynamics have been carried out [31] [32] [33] [34] [35] [36] [37] . Also, several extensions of the Bardeen black hole have been considered, which includes Bardeen de Sitter [38, 39] , Bardeen anti-de Sitter [40] , Bardeen's solution to non-commutative inspired geometry [35] and also in higher dimensional spacetimes [31] . Recently, Bardeen black hole solutions have also been found and discussed in the EGB gravity theory [41, 42] .
This paper aims to present the spherically symmetric static Bardeen-like regular black hole solution of novel 4D EGB gravity coupled with the NED field. The black hole metric is characterized by three parameters, mass M, Gauss-Bonnet coupling parameter α and the magnetic charge g coming from the NED. We discuss the structure of black hole horizons, which depending on the values of black hole parameters can describe the extremal black holes with degenerate horizons and nonextremal black holes with two distinct horizons. Analytical expressions for the various thermodynamical quantities, including the temperature, free energy, and specific heat are obtained. The paper is organized as follows: We begin in Sect. II with the construction of the spherically symmetric black hole in novel 4D EGB gravity coupled with the NED. Section III is devoted to the thermodynamics of the black hole. Finally, we summarize our main findings in Sect. IV .
II. REGULAR BLACK HOLES IN NOVEL 4D EINSTEIN-GAUSS-BONNET GRAVITY
The action for the novel EGB gravity with re-scaled Gauss-Bonnet coupling constant α/(D − 4), minimally coupled with the NED field in the D-dimensional spacetime, reads
[43]
where the Lagrangian density
being the electromagnetic field tensor for the gauge potential A µ . Varying the action (5) with metric tensor g µν , yields the equations of gravitational field as follow
and T µν is the energy momentum tensor for the NED field. We consider the Lagrangian density for the NED field in the D dimensional spacetime [31] 
The D-dimensional static, spherically symmetric metric anstaz reads as
with f (r) is the metric function to be determined and
is the line element of a (D − 2)-dimensional unit sphere [44, 45] . Using field equations (7) and metric ansatz (9), in the limit D → 4 we get the following (r, r) equation [46] 
which yields the following solution
where µ ′ = M can be identified as the black hole mass parameter. The metric Eq. (9) for D → 4 and f (r) in Eq. (12) describes a static spherically symmetric Bardeen-like regular black hole in 4D novel EGB gravity coupled with the NED field, which in the limits of g = 0 goes over to the black hole solution in Ref. [10] . However, for the special case of vanishing Gauss-Bonnet coupling, α = 0, the metric (9) corresponds to the spherically symmetric Bardeen black hole [24] . The " ± " sign in Eq. (12) refers to two different branches of solutions. To analyze the general structure of the solution, we take the asymptotically large r limit, r → ∞, to obtain One can easily see the negative branch of the solution goes over to the well-known Schwarzschild black hole solution, whereas, the positive branch does not correspond to any physical case when α → 0. Boulware and Deser [8] have also shown that 5D EGB black holes with "+" branch sign are unstable and the graviton degree of freedom is a ghost, while the branch with "-" sign is stable and is free of ghosts. Hence, hereafter, we will take only the negative branch f − (r), of the solution into consideration.
The presence of coordinate singularity of the metric Eq. (9) at f (r) = 0, signifies the existence of the black hole horizons. The real and positive roots of equation,
give the location of black hole horizons. From Fig. 1 , one can notice that for given values of g and α (or M and α), there exists an extremal value M 0 (or g 0 ), such that for M > M 0 (or g < g 0 ), there exist two distinct horizons r ± and for M < M 0 (or g > g 0 ), there are no horizons. Similarly, for given values of M and g, one can find the extremal value of α = α 0 .
Here, r − and r + , respectively, represent the Cauchy and the event horizon. For extremal value of parameters, namely M = M 0 or g = g 0 or α = α 0 , the two horizons r ± , coincide and leads to an extremal black hole with degenerate horizon r + = r − ≡ r E . It can be notice that the maximum (or minimum) cutoff value of charge g 0 (or M 0 ) increases (decreases) as we increase the value of Gauss-Bonnet coupling constant α (cf. Fig. 1 ).
III. BLACK HOLE THERMODYNAMICS
Next, we shall discuss the thermodynamical quantities like, Arnowitt-Deser-Misner mass 
which in the absence of charge g, goes to the value of mass for 4D EGB black holes [16] 
whereas in the limit of vanishing coupling parameter α = 0, reduces to mass of Schwarzschild black holes [41, 47] 
The surface gravity, κ= − 1 2 ▽ µ χ ν ▽ µ χ ν , at the horizon of black hole reads as
Now, by using the relation T + = κ/2π [50, 51] , we get the expression for the Hawking temperature associated with black hole horizon, which reads For the g = 0, Eq. (19) reduces to the temperature of 4D EGB black holes [16] 
and further in the limit of α → 0, we obtained the temperature of Schwarzschild black holes [41, 47] T + = 1 4πr + .
We depict the Hawking temperature behavior with varying horizon radius for different values of g and α in Fig. 2 . It is evident that, during the Hawking evaporation as the black hole horizon size shrinks, the temperature initially increases with decreasing r + , reaches a maximum value and then rapidly decreases and eventually vanishes for some particular value of r + . The vanishing temperature implies the extremal black hole with degenerate horizons, such that T + < 0 corresponds to the no-black hole states. The Hawking temperature possesses a local maximum at a particular value of horizon radius, say r c + , which is termed as critical horizon radius. Since the Hawking temperature has the maximum value at r c + , the first derivative of the temperature vanishes at a critical radius hence leads to the divergence of specific heat. The value of critical horizon radius increases with magnetic monopole charge g as well as with Gauss-Bonnet coupling constant α (cf. Fig. 2 ). By taking into account the first law of black hole thermodynamics, dM + = T + dS + , we obtain the entropy of the black hole as [48, 49] S + = πr 2 
which corresponds to the entropy of the Schwarzschild black holes. It is very important to find the regions of the global stability of a thermodynamical system, hence, we further study the behaviour of Gibb's free energy (F + ) of our model. Gibb's free energy determines the global stability of a thermodynamical system, such that a thermodynamical system with F + < 0 is globally stable, whereas, the system with F + > 0 is globally unstable. The Gibb's free energy of Bardeen black holes in 4D EGB gravity can be obtained by using the relation, [41] as
for g = 0, we get the free energy of 4D EGB black hole which, in the limit of α → 0, goes over to the Gibb's free energy of Schwarzschild black holes [41] ,
The behaviour of Gibb's free energy has been depicted in Fig. 3 . Though, the Gibb's free energy is negative (F + < 0) for some small values of r + , the black hole temperature is negative for these states. However, for black hole states with T + ≥ 0, the Gibb's free energy is positive definite (F + > 0) always. Therefore, Bardeen 4D EGB black holes are globally unstable as F + > 0. 4D EGB gravity
with A = 7r 4 + + α(31r 2 + + 22α) and B = 2(r 2 + + 2α) 2 .
In the absence of magnetic charge, g = 0, we obtain the heat capacity of 4D EGB black holes
which in the limit of α = 0 retain the following value
which can be identified as the value for the Schwarzschild black hole [41, 47] .
The numerical results of specific heat (C + ) for varying horizon radius for different values of g and α of Bardeen black holes in 4D EGB gravity has been shown in Fig. 4 . It is clear that specific heat diverges and flips its sign from positive to negative at critical radius r c + , hence the black hole exhibits a second-order phase transition which takes the black hole from local stable state to unstable state. Hence, the black with smaller horizon radius r + < r c + are locally stable, whereas the black holes with larger horizon radius r + > r c + are locally unstable. Moreover, the black hole temperature increases with increasing r + for r + < r c + , whereas it decreases for r + > r c + (cf. Fig. 2 ). It can be easily noticed that the value of the critical radius r c + increases as we increase the value of g and α.
IV. CONCLUSION
In this paper, we obtained static spherically symmetric Bardeen We made a detailed analysis of Gibbs free energy F + and heat capacity C + to check the thermodynamical stability of the black holes. We found out that Bardeen black holes in 4D EGB gravity are globally thermodynamical unstable as the Gibb's free energy is always positive. While analyzing the local thermodynamical stability through specific heat C + , we found that there exists a critical value of horizon radius r c + at which black holes show second-order phase transition with diverging specific heat. The black holes with r + < r c + are locally stable with C + > 0, whereas the black holes with r + > r c + having negative specific heat are locally unstable. The study of the particle production rates and Greybody factor for Bardeen black hole in 4D EGB gravity in AdS spacetimes can be very interesting for future prospective.
